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Abstract
We analyse the subgroup structure of direct products of groups. Ear-
lier work on this topic has revealed that higher finiteness properties play
a crucial role in determining which groups appear as subgroups of direct
products of free groups or limit groups. Here, we seek to relate the finite-
ness properties of a subgroup to the way it is embedded in the ambient
product. To this end we formulate a conjecture on finiteness properties
of fibre products of groups. We present different approaches to this con-
jecture, proving a general result on finite generation of homology groups
of fibre products and, for certain special cases, results on the stronger
finiteness properties Fn and FPn.
1 Introduction
This article is about the subgroup structure of direct products of groups. The
questions we will try to shed light on are usually of the following form: Given
some class of groups whose subgroups are reasonably well-understood, which
groups can occur as subgroups of direct products of groups in this class? How
are these subgroups embedded in the ambient product and how does the way
they are embedded reflect on the structure of the subgroup?
We will explain in this introduction how higher finiteness properties of groups
are central to resolving these questions. We will then propose a pair of closely
related conjectures concerning these properties. The first one gives a precise
description for the higher finiteness properties of fibre products of groups, the
fundamental construction that all subgroups of direct products can be built out
of in a certain sense. The second conjecture — which can be deduced from
the first — provides a characterisation of the higher finiteness properties of
subgroups of direct products in terms of an embedding condition. In the main
part of the paper we will present our progress on these conjectures, resolving
certain cases and obtaining partial results on the general statement. In each case
we will examine the consequences for the subgroup structure of direct products.
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Background In recent years much work has gone into the development of a
structure theory of subgroups of direct products of free groups or, more gen-
erally, surface groups and limit groups. One of the guiding themes that has
emerged from this research is an apparent dichotomy between the subgroups
which satisfy strong higher finiteness conditions and those which do not —
a contrast first observed by Baumslag and Roseblade [3]. They showed that
although in a direct product of two finitely generated free groups one can find
uncountably many isomorphism classes of subgroups, the only finitely presented
subgroups are virtually direct products of two free groups.
The “wildness” of general subgroups of a direct product of free groups is
further exemplified by a number of unsolvability results: For example, in a direct
product F ×F of two free groups on two generators there is a finitely generated
subgroup L ≤ F × F with unsolvable membership problem [31] and unsolvable
conjugacy problem [32]. Furthermore, the isomorphism problem among finitely
generated subgroups is unsolvable [32], there are uncountably many subgroups
with non-isomorphic abelianisation [18], and there is no algorithm to compute
the rank of the abelianisation of an arbitrary finitely generated subgroup [18].
The other side of Baumslag and Roseblade’s dichotomy was greatly expanded
on in a series of papers by Baumslag, Bridson, Howie, Miller and Short [2, 14, 13,
12, 16, 17]. In particular, they generalised the result from [3] to direct products
of any (finite) number of free groups, or more generally, surface groups or limit
groups1. This generalisation says that a subgroup P ≤ Γ1× · · · ×Γn in a direct
product of finitely generated free (surface, limit) groups Γ1, . . . ,Γn, which is
of type Fn, is itself virtually a direct product of n or fewer finitely generated
free (surface, limit) groups [14, Theorem A], [16, Theorem A]. In fact, if the
intersection of P with each factor Γi is non-trivial, then the product of these
intersections will have finite index in P [14, Theorem B], [16, Theorem C]. So,
virtually, the only subgroups of type Fn are the “obvious” ones.
In both results the higher finiteness condition is essential: The well-known
examples due to Stallings [35] and Bieri [4] of groups of type Fn−1 which are
not of type Fn arise as subgroups of direct products of free groups and serve
to show that the finiteness condition in the theorems by Bridson, Howie, Miller
and Short cannot be replaced by mere finite presentability.
This indicates that a thorough study of the higher finiteness properties of
subgroups of direct products will be necessary in order to gain a full understand-
ing of this class of groups. In particular, there is great interest in comprehending
the class of finitely presented subgroups of direct products of limit groups, as
these are just the finitely presented residually free groups. A systematic study
of these groups was started in [17].
In light of the work cited above, one might think of the subgroups of a direct
product of n free (or limit) groups as arranged along a spectrum according to
which finiteness properties they satisfy. At the lower end, the class of all finitely
1The latter are most easily defined as the finitely generated fully residually free groups,
i.e. those finitely generated groups Γ such that for every finite subset X ⊂ Γ there is a free
group F and a homomorphism f : Γ → F which is injective on X. This class includes free
groups, free abelian groups and fundamental groups of orientable surfaces.
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generated subgroups is hopelessly complicated. At the upper end, the only
subgroups of type Fn are the obvious ones. But if we aim to understand all
the finitely presented groups we need to find out what happens as one imposes
successively stronger finiteness conditions. The hope is that the stark contrast
between “finitely generated” and “type Fn” will, to some extent, be resolved by
considering the classes in between.
The Main Conjectures Our approach is built around two main conjectures.
The first gives a criterion for a subgroup of a direct product to be of type Fk,
in terms of how it is embedded in the ambient product:
The Virtual Surjections Conjecture. Let Γ1, . . . ,Γn be groups of type Fk
and P ≤ Γ1×· · ·×Γn a subgroup of their direct product. Assume that P virtually
surjects to k-tuples of factors, i.e. for any i1, . . . , ik with 1 ≤ i1 < · · · < ik ≤ n
the image of P under the projection P → Γi1 ×· · ·×Γik is of finite index. Then
P is of type Fk.
This conjecture appears in the literature in various forms, e.g. [28, Section
5] or [24, Section 12.5].
The case k = 2 of this conjecture has been proved by Bridson, Howie, Miller
and Short in [17]. While the conjecture makes no assumptions on the factor
groups, beyond the finiteness condition Fk, it is especially pertinent for the case
where all the Γi are free groups (or limit groups). In this case, with certain
non-triviality assumptions, the converse holds, as was shown by Kochloukova
[28]. So resolving the Virtual Surjections Conjecture in this case would give
a complete characterisation of the higher finiteness properties of subgroups of
direct products of limit groups.
Any subgroup of a direct product can be built up as an iterated fibre product.
We use this fact to make progress on the Virtual Surjections Conjecture by
studying fibre products. In particular we investigate another conjecture which
proposes a precise set of conditions for a fibre product to be of type Fn.
The n-(n+ 1)-(n+ 2) Conjecture. Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be two short exact sequences of groups and
P := {(γ1, γ2) ∈ Γ1 × Γ2 | pi1(γ1) = pi2(γ2)}
their fibre product.
If N1 is of type Fn, both Γ1 and Γ2 are of type Fn+1 and Q is of type Fn+2,
then P is of type Fn+1.
The n = 1 case of this is the 1-2-3 Theorem, proved in [2] and [15].
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Results Our first result is the above-mentioned implication:
Theorem 3.12. If the n-(n+ 1)-(n+ 2) Conjecture holds whenever Q is nilpo-
tent, then the Virtual Surjections Conjecture holds.
In Section 4, we prove a special case of the n-(n+ 1)-(n+ 2) Conjecture:
Corollary 4.6. The n-(n + 1)-(n + 2) Conjecture holds whenever the second
sequence splits.
We also prove the following reduction:
Proposition 4.8. If the n-(n + 1)-(n + 2) Conjecture holds whenever Γ2 is
finitely generated free then it holds in general.
In Section 5 we prove a homological variant of the n-(n + 1)-(n + 2) Con-
jecture. We say that a group Γ is of type wFPn (“weak FPn”) if the homology
groups Hk(Γ,Z) are finitely generated for k ≤ n. This condition has appeared
in the above-mentioned work by Bridson, Howie, Miller and Short and has
proved useful there (in particular, in many of the theorems we quoted earlier,
the Fn-conditions may be replaced by corresponding wFPn-conditions).
Theorem 5.4 (The Weak n-(n+ 1)-(n+ 2) Theorem). Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be short exact sequences with N1 of type wFPn, Γ1 of type wFPn+1, Γ2 of
type FPn+1, and Q of type FPn+2. Then the associated fibre product is of type
wFPn+1.
This implies a corresponding variant of the Virtual Surjections Conjecture:
Corollary 5.5 (The Weak Virtual Surjections Theorem). Let k ≥ 2. Let
Γ1, . . . ,Γn be groups of type FPk and P ≤ Γ1 × · · · × Γn a subgroup of their
direct product. If P virtually surjects to k-tuples of factors then P is of type
wFPk.
This, in conjunction with the converse for the case of direct products of limit
groups, proved by Kochloukova [28, Theorem 11] yields:
Corollary 5.7. Let Γ1, . . . ,Γn be non-abelian limit groups and P ≤ Γ1×· · ·×Γn
a subdirect product such that P ∩ Γi 6= 1 for all i. Then P is of type wFPk (for
some k ≥ 2) if and only if P virtually surjects to k-tuples.
Finally, in Section 6, we treat another special case of the two main conjec-
tures:
Theorem 6.3. The n-(n+ 1)-(n+ 2) Conjecture holds whenever Q is virtually
abelian.
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As a consequence, we again obtain a corresponding case of the Virtual Sur-
jections Conjecture. If P ≤ Γ1 × · · · × Γn is a subdirect product2, following [2],
we say it is of Stallings-Bieri type if the Γi/(P ∩Γi) are virtually abelian. Then
P is virtually the kernel of a homomorphism to an abelian group (see Corollary
3.4 for a precise statement). Recovering a result by Kochloukova, we show that
the Virtual Surjections Conjecture holds for subgroups of Stallings-Bieri type.
Furthermore, we show that any subgroup P ≤ Γ1 × · · · × Γn of a direct
product which virtually surjects to k-tuples for some k > n2 is of Stallings-Bieri
type (Corollary 3.4).
We thus obtain:
Corollary 6.6. The Virtual Surjections Conjecture holds for k > n2 .
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2 Fibre products and subdirect products
We shall start off by giving the basic definitions and recalling some fundamental
facts about the construction of fibre products and how that basic construction
can be used to iteratively build up subdirect products of groups.
Definition 2.1. A subdirect product of the groups Γ1, . . . ,Γn is a subgroup
P ≤ Γ1 × · · · × Γn of the direct product such that the canonical projections
P → Γi are surjective for all i.
When studying subgroups of direct products it is often possible to restrict
to the case of subdirect products: If P ≤ Γ1 × · · · × Γn is a subgroup with the
projection homomorphisms denoted by pi : Γ1 × · · · × Γn → Γi, then P is a
subdirect product of p1(P ), . . . , pn(P ).
One way of obtaining a subdirect product of two groups is via the fibre
product construction: Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be two short exact sequences. Then we call
P := {(γ1, γ2) ∈ Γ1 × Γ2 | pi1(γ1) = pi2(γ2)}
2i.e. all the projections P → Γi are onto
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the fibre product associated to these sequences (or to pi1 and pi2).
3
A crucial observation is that to any such fibre product we can associate two
exact sequences of the form N1 ↪→ P  Γ2 and N2 ↪→ P  Γ1. More precisely:
Lemma 2.2. The fibre product above fits into a commutative diagram
1×N2 N2
N1 × 1 P Γ2
N1 Γ1 Q
p2
p1 pi2
pi1
with exact rows and columns, where p1 : P → Γ1 and p2 : P → Γ2 are the
restrictions of the canonical projections Γ1 × Γ2 → Γi and all the injections are
inclusion homomorphisms.
Proof. The lower right square commutes simply by the definition of the fibre
product. If (γ1, γ2) ∈ P is in the kernel of p2, then γ2 = 1 and pi1(γ1) = pi2(γ2) =
1, so γ1 ∈ kerpi1 = N1. Obviously, N1 × 1 is sent isomorphically to N1 ≤ Γ1
under the projection p1. The rest follows by symmetry.
We will usually identify N1 × 1 with N1 and 1×N2 with N2.
It is a basic observation that every subdirect product of two groups is a fibre
product. Precisely, we have the following:
Lemma 2.3. Let P ≤ Γ1 × Γ2 be a subdirect product of Γ1 and Γ2. Let N1 :=
P ∩ Γ1 and N2 := P ∩ Γ2, where Γ1 denotes the subgroup Γ1 × 1 ≤ Γ1 × Γ2 and
similarly for Γ2 (i.e. we have identified each Γi with its image under the natural
inclusion Γi ↪→ Γ1 × Γ2). Then
Γ1/N1
∼= P/N1 ×N2 ∼= Γ2/N2
and P is the fibre product associated to two short exact sequences
N1 ↪→Γ1 Q
N2 ↪→Γ2 Q.
Proof. Let pi : P → Γi for i = 1, 2 denote the restriction of the canonical
projection Γ1 × Γ2 → Γi. Clearly, N1 is the kernel of p2, so N1 is normal in P .
Symmetrically, N2 is normal in P , as well. Therefore N1 × N2 is normal in P
and the quotient map P → P/(N1×N2) factors over both projections pi, giving
a commutative square
P Γ2
Γ1 P/N1 ×N2
p2
p1 pi2
pi1
3If the two sequences are identical, i.e. pi1 = pi2, P is often called a “symmetrical” or
“untwisted” fibre product (associated to pi1), but we will make little use of this concept.
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The kernel of pi1 is p1(N1 × N2) = N1, and similarly kerpi2 = N2. Denoting
P/(N1 ×N2) by Q, we thus have two short exact sequences:
N1 ↪→Γ1
pi1Q
N2 ↪→Γ2
pi1Q.
Let P ′ denote their fibre product. Commutativity of the above square means
that P ≤ P ′. Conversely, if γ′ = (γ′1, γ′2) ∈ P ′, set q := pi1(γ′1) = pi2(γ′2). Then
pick a γ := (γ1, γ2) ∈ P with
γ(N1 ×N2) = q.
Then pii(γi) = q = pii(γ
′
i) for i = 1, 2 by definition of the maps pii. And hence
γγ′−1 ∈ N1 ×N2 ⊂ P so γ′ ∈ P .
This shows that P = P ′, so P is the fibre product associated to the two
short exact sequences.
Indeed, not only is every subdirect product of two groups a fibre product,
but we can build up any subdirect product of three or more groups by iterating
the fibre product construction. The following notation will be frequently useful,
when dealing with subgroups of direct products of more than two groups:
Notation. Let Γ1, . . . ,Γn be groups and P ≤ Γ := Γ1× · · · ×Γn a subgroup of
their direct product. For J = {i1, . . . , im} ⊂ {1, . . . , n} with i1, . . . , im pairwise
distinct, we will denote by ΓJ the group Γi1 × · · · ×Γim , which we will also, via
the canonical injection, consider a subgroup of Γ. Furthermore, we will denote
by pJ the canonical projection map P → ΓJ and by NJ the intersection P ∩ΓJ .
Sometimes we will omit curly braces to unclutter the notation, e.g. we will write
p1,...,n−1 for the projection P → Γ1 × · · · × Γn−1, in place of p{1,...,n−1}.
Now let P ≤ Γ1 × · · · × Γn be a subdirect product. Using the notation
introduced above, set
T := p1,...,n−1(P ) ≤ Γ1 × · · · × Γn−1.
Then P is a subdirect product of T and Γn, so by Proposition 2.3 it is the fibre
product associated to short exact sequences
N1,...,n−1 ↪→ T  Q
Nn ↪→Γn Q.
Note that T , in turn, is a subdirect product of Γ1, . . . ,Γn−1. This allows us to
argue about subdirect products of any number of groups by using induction on
the number of factors and dealing with a fibre product at every step.
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3 The n-(n+1)-(n+2) Conjecture and the Virtual
Surjections Conjecture
In the Introduction we explained that one of the major motivations for study-
ing the n-(n + 1)-(n + 2) Conjecture is that it implies the Virtual Surjections
Conjecture, which relates the finiteness properties of subdirect products to the
way these groups are embedded in the ambient direct product. The main goal
of the present section is to prove this implication. En passant, we will observe
a curious connection between subdirect products and nilpotent groups.
Let us restate the embedding condition from the Introduction, which we can
now phrase using the notation introduced earlier:
Definition 3.1. Let Γ1, . . . ,Γn be groups and let P ≤ Γ1 × · · · × Γn be a
subgroup of their direct product. We say that P virtually surjects to k-tuples
of factors if pJ(P ) ≤ ΓJ is a finite index subgroup for every k-element subset of
indices J ⊂ {1, . . . , n}.
Recall the conjecture from the Introduction.
Conjecture 3.2 (The Virtual Surjections Conjecture). Let k ≥ 2. Let Γ1, . . . ,Γn
be groups of type Fk and P ≤ Γ1 × · · · × Γn a subgroup of their direct product.
If P virtually surjects to k-tuples of factors then P is of type Fk.
We will now embark on the task of showing that the n-(n + 1)-(n + 2)
Conjecture implies the Virtual Surjections Conjecture.
3.1 Virtually Nilpotent Quotients
As our first ingredient we need an important consequence of the property of
virtually surjecting to k-tuples for some k ≥ 2. This lemma originated in the
“Virtually Nilpotent Quotients Theorem” from [18, Section 4.3], see also [17,
Proposition 3.2]. We will prove a variation with a precise bound on the nilpo-
tency class, which we will exploit in Section 6.
Lemma 3.3. Let Γ1, . . . ,Γn be groups and P ≤ Γ1×· · ·×Γn a subdirect product
which virtually surjects to k-tuples for some k ≥ 2. Then for every index i the
group Γi/Ni is virtually nilpotent of class at most dn−1k−1 e − 1.
Proof. We will show the statement only for i = 1. For other choices of i the
proof is entirely analogous (or alternatively, can be reduced to the case treated
here, using the isomorphism exchanging the first and ith factor of the product).
Let s := dn−1k−1 e. Then the set I := {2, . . . , n} can be partitioned into s
disjoint subsets I1, . . . , Is ⊂ I of size |Im| ≤ k− 1 for all m. Set I ′m := {1}∪ Im.
Since P virtually surjects to k-tuples, pI′m(P ) is of finite index in ΓI′m for all
m. Therefore Γ′1 :=
⋂s
m=1(pI′m(P ) ∩ Γ1) is of finite index in Γ1. Note that Γ′1
consists of all those γ ∈ Γ1 such that for each m with 1 ≤ m ≤ s there exists
a g ∈ P with p1(g) = γ and pi(g) = 1 for all i ∈ Im. In particular Γ′1 contains
N1.
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Now let γ1, . . . , γs ∈ Γ′1. We will show that the iterated commutator
c := [γ1, [γ2, . . . , [γs−1, γs] . . . ]]
is in N1. Pick elements g1, . . . , gs ∈ P such that p1(gm) = γm for 1 ≤ m ≤ s
and pi(gm) = 1 for i ∈ Im. Now let
c′ := [g1, [g2, . . . , [gs−1, gs] . . . ]].
Then c′ is in P and p1(c′) = c. Furthermore, for each i with 2 ≤ i ≤ n there is
an m with 1 ≤ m ≤ s such that i ∈ Im, so pi(gm) = 1. But clearly, if one of the
elements in an iterated commutator equals 1, then the commutator itself equals
1, too. So for each i with 2 ≤ i ≤ n, we get that pi(c′) = 1. But this means
that c = c′ ∈ Γ1 ∩ P = N1.
We have shown that N1 contains all the commutators of length s in Γ
′
1 and
therefore it also contains γs−1Γ′1, the (s − 1)th term in the lower central series
of Γ′1. This proves that Γ
′
1/N1 is nilpotent of class at most s− 1.
In particular we record the following generalisation of [18, Lemma 4.9].
Corollary 3.4. Let Γ1, . . . ,Γn be groups and let P ≤ Γ1×· · ·×Γn be a subgroup
of their direct product which virtually surjects to k-tuples for some k > n2 . Then
pi(P )/Ni is virtually abelian for all i.
Furthermore, P is virtually the kernel of a homomorphism to an abelian
group. Precisely: There are finite index subgroups Γ0i ≤ Γi for each i and
a homomorphism φ : Γ01 × · · · × Γ0n → A to an abelian group A, such that
P ∩ (Γ01 × · · · × Γ0n) = kerφ.
Proof. Let Γ′i := pi(P ) ≤ Γi. These are finite index subgroups, since P virtually
surjects to k-tuples. Then P is a subdirect product in Γ′1× · · · ×Γ′n, which still
virtually surjects to k-tuples. Now, since k > n2 , we have k ≥ n2 + 12 and so
n−1
k−1 ≤ 2. So Lemma 3.3 says that Γ′i/(P ∩ Γ′i) = Γ′i/Ni is virtually abelian for
all i.
Hence there are finite index subgroups Γ0i ≤ Γ′i, containing Ni, for all i, such
that Γ0i /Ni is abelian. Then Ni contains the commutator subgroup [Γ
0
i ,Γ
0
i ].
Therefore N1 × · · · × Nn contains the commutator subgroup of Γ01 × · · · × Γ0n.
But then P ∩ (Γ01 × · · · × Γ0n) contains this commutator subgroup as well, and
in particular it is normal in Γ01 × · · · × Γ0n with abelian quotient group.
Corollary 3.4 is particularly interesting in light of the following theorem by
Kochloukova [28, Theorem 11]:
Theorem 3.5. If Γ1, . . . ,Γn are non-abelian free (or limit) groups and P ≤
Γ1 × · · · × Γn is a full subdirect product of type Fk then P virtually surjects to
k-tuples.
We can thus conclude:
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Corollary 3.6. If Γ1, . . . ,Γn are non-abelian free (or limit) groups and P ≤
Γ1×· · ·×Γn is a full subdirect product of type Fk with k > n2 then P is virtually
the kernel of a map to an abelian group (in the same sense as in the statement
of Corollary 3.4).
The subgroups which are virtually kernels of maps to abelian groups are
called “of Stallings-Bieri type” in [18], alluding to the examples in [35] and
[4] of groups of type Fn−1 with non-finitely generated nth integral homology
group, which are kernels of maps from a direct product of n finitely generated
free groups to Z. For a while, it was an open question whether every finitely
presented full subdirect product of free groups is of this type [18, Question 4.3],
until examples proving that this is not the case were discovered in [15, Theorem
H] (or see [17, Theorem H]).
We will have more to say on these kinds of subgroups in Chapter 6 (in
particular we will prove the Virtual Surjections Conjecture for them), but let
us for now get back to the matter at hand.
3.2 The 0-1-2 Lemma and virtual surjection to factors
Next, we will investigate the case k = 1 of the Virtual Surjections Conjecture.
We have excluded this case from the Conjecture with good reason: It is not
true for k = 1. To see this, note that Bridson and Miller show in [18, Corollary
2.4] that a subdirect product P ≤ Γ1 × Γ2 of two finitely presented groups Γ1
and Γ2 is finitely generated if and only if Γ1/(P ∩ Γ1) ∼= Γ2/(P ∩ Γ2) is finitely
presented. So, choosing any finitely generated but not finitely presented group
Q and an epimorphism pi : Γ  Q where Γ is a finitely generated free group,
the symmetric fibre product associated to pi will not be finitely generated.
We can, however, make the k = 1 case of the Virtual Surjections Conjecture
become true, if we add the extra assumption that the pi(P )/Ni be virtually
nilpotent for all i — as they are when k ≥ 2 by Lemma 3.3.
To show this, we will need the 0-1-2 Conjecture. This is really no more than
an easy lemma and we omit the proof, which can be found in [18, Proposition
2.3 and Corollary 2.4].
Lemma 3.7 (The 0-1-2 Lemma). Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be two short exact sequences with Γ1 and Γ2 finitely generated and Q finitely
presented. Then the associated fibre product is finitely generated.
The “k = 1 case” of the Virtual Surjections Conjecture is as follows:
Proposition 3.8. Let Γ1, . . . ,Γn be finitely generated groups and P ≤ Γ1 ×
· · · × Γn a subgroup of their direct product. If the image pi(P ) ≤ Γi under the
projection to each factor Γi is of finite index in Γi and pi(P )/(P ∩Γi) is virtually
nilpotent for all i then P is finitely generated.
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Proof. Note first that all the Γ′i := pi(P ) are finitely generated, since they are
of finite index in Γi, and that pi(P )/(P ∩Γ′i) = pi(P )/(P ∩Γi). Thus, replacing
all the Γi by Γ
′
i, we may assume without loss of generality that P is a subdirect
product.
We now prove the claim by induction on n. If n = 1, there is nothing to
prove. So assume n ≥ 2. Let T := p1,...,n−1(P ). As described at the end of
Chapter 2, P is the fibre product associated to the short exact sequences
N1,...,n−1 ↪→T  Q
Nn ↪→Γn Q.
Here, T is a subdirect product of Γ1, . . . ,Γn−1. Note that T∩Γi for 1 ≤ i ≤ n−1
contains P ∩ Γi, therefore Γi/(T ∩ Γi) is a quotient of the virtually nilpotent
group Γi/(P ∩ Γi), and hence virtually nilpotent itself. Thus we can conclude
by induction that T is finitely generated. By assumption, Q ∼= Γn/Nn is finitely
generated and virtually nilpotent and therefore finitely presented. Hence we can
apply the 0-1-2 Lemma to conclude that P is finitely generated.
Remark 3.9. Note that the nilpotency condition on the groups Γi/Ni is only
used in the penultimate sentence of the proof, to establish that certain finitely
generated groups are finitely presented. Going through the proof carefully, we
can see that the condition that Γi/Ni be virtually nilpotent can be replaced
with the much weaker condition that Γi/(pJ(P ) ∩ Γi) be finitely presented for
all i and all J ⊂ {1, . . . , n} with i ∈ J . In particular, this holds if all quotients
of Γi/Ni are finitely presented. For finitely presented groups this condition is
sometimes called Max-n, as the property of having only finitely presented quo-
tients is equivalent to satisfying the “maximal condition for normal subgroups”
(i.e. any ascending chain of normal subgroups is eventually constant). Other
examples of finitely presented Max-n groups — apart from the finitely gener-
ated virtually nilpotent groups — are virtually polycyclic groups and finitely
presented metabelian groups [11] (though there are finitely presented soluble
groups which are not Max-n [1]).
3.3 The n-(n + 1)-(n + 2) Conjecture implies the Virtual
Surjections Conjecture
Before we finally show the main result of this chapter, we need two quick lemmas.
Lemma 3.10. Let P ≤ Γ1 × · · · × Γn. Let I, J ⊂ {1, . . . , n} with I ∪ J =
{1, . . . , n} and I ∩ J 6= ∅. Then pI∩J(P ∩ ΓI) = pJ(P ) ∩ ΓI∩J .
Proof. Let γ ∈ pI∩J(P ∩ ΓI). Pick p ∈ P ∩ ΓI with pI∩J(p) = γ. Now pJ(p) ∈
ΓI∩J , therefore γ = pI∩J(p) = pI∩J(pJ(p)) = pJ(p). And so γ ∈ pJ(P ) ∩ ΓI∩J .
Conversely, let γ ∈ pJ(P ) ∩ ΓI∩J . Pick a p ∈ P with pJ(p) = γ. Note that
pI∩J(p) = pI∩J(pJ(p)) = pI∩J(γ) = γ. But pJ(p) ∈ ΓI∩J , so p ∈ ΓI and hence
γ ∈ pI∩J(P ∩ ΓI).
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Lemma 3.11. Let P ≤ Γ1 × · · · × Γn. If P virtually surjects to k-tuples (for
some k ≥ 2) then N1,...,n−1 = P ∩ (Γ1×· · ·×Γn−1) virtually surjects to (k−1)-
tuples.
Proof. Let J ′ ⊂ {1, . . . , n − 1} be some (k − 1)-element subset. Apply the
preceding lemma with I := {1, . . . , n − 1} and J := J ′ ∪ {n} to conclude that
pJ′(N1,...,n−1) = pJ(P )∩ΓJ′ . Note that pJ(P ) has finite index in ΓJ , so pJ(P )∩
ΓJ′ has finite index in ΓJ′ .
Theorem 3.12. Assume that the n-(n+ 1)-(n+ 2) Conjecture holds whenever
the quotient Q is virtually nilpotent.
Then the Virtual Surjections Conjecture is true.
Proof. We prove the following statement by induction on k ≥ 1:
Claim. Let Γ1, . . . ,Γn be groups of type Fk and P ≤ Γ1× · · · ×Γn a subgroup
of the direct product. If P virtually surjects to k-tuples and pi(P )/(P ∩ Γi) is
virtually nilpotent for all i, then P is of type Fk.
Of course, the nilpotency assumption is redundant when k ≥ 2 by Lemma
3.3, so this Claim does imply the Virtual Surjections Conjecture. Furthermore,
by the same argument as in the proof of Proposition 3.8 we can always reduce
to the case where P is a subdirect product: If P is not subdirect, we replace all
the Γi by their finite index subgroups pi(P ), which will not affect the finiteness
conditions.
We have already supplied the base case k = 1 of the induction in Proposition
3.8. So fix some k ≥ 2. We now prove the Claim for this k by induction on n.
If n ≤ k then there is nothing to prove: P will be of finite index in Γ1×· · ·×Γn
and therefore certainly of type Fk.
So assume n > k. Set T := p1,...,n−1(P ), so P is the fibre product associated
to the sequences
N1,...,n−1 ↪→T  Q
Nn ↪→Γn Q.
Here, T ≤ Γ1 × · · · × Γn−1 is a subdirect product, which also virtually surjects
to k-tuples, since pJ(T ) = pJ(P ) for all J ⊂ {1, . . . , n − 1}. By induction, we
can assume that T is of type Fk.
By Lemma 3.11, N1,...,n−1 ≤ Γ1 × · · · × Γn−1 virtually surjects to (k − 1)-
tuples. Furthermore,
Γi/(N1,...,n−1 ∩ Γi) = Γi/P ∩ Γi
is virtually nilpotent for all i ∈ {1, . . . , n− 1}. Thus, again by induction (on k
this time), we can assume that N1,...,n−1 is of type Fk−1.
By assumption, Q ∼= Γn/Nn is virtually nilpotent and finitely generated
(since Γn is) and therefore of type F∞. So, assuming the (k − 1)-k-(k + 1)
Conjecture, we can conclude that P is of type Fk.
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Two remarks are in order. Firstly, from the proof it is clear that we only need
to assume the n-(n + 1)-(n + 2) Conjecture for n < k to conclude that virtual
surjection to k-tuples implies type Fk. In particular, the 1-2-3 Theorem implies
the Virtual Surjection to Pairs Theorem, i.e. if a subgroup P ≤ Γ1 × · · · × Γn
of a direct product of finitely presented groups Γ1, . . . ,Γn virtually surjects to
pairs of factors Γi × Γj , then P is finitely presented. This was first proved in
[17, Theorem E].
The second remark concerns the word “virtually” in the statement of Theo-
rem 3.12. In fact, a quick argument shows that it suffices to assume the n-(n+1)-
(n+ 2) Conjecture for nilpotent quotients Q, as this implies the conjecture for
virtually nilpotent quotients.
To see this, assume that the n-(n + 1)-(n + 2) Conjecture holds for some
particular quotient group Q and let Q¯ be a group that contains Q as a finite
index subgroup.
Let
N1 ↪→ Γ1
pi1 Q¯
N2 ↪→ Γ2
pi2 Q¯
be short exact sequences such that N1 is of type Fn and Γ1 and Γ2 are of type
Fn+1. We will show that the fibre product of pi1 and pi2, call it P , is of type
Fn+1. Set Γ
′
1 := pi
−1
1 (Q) and Γ
′
2 := pi
−1
2 (Q), so we have another pair of short
exact sequences
N1 ↪→ Γ′1
pi1| Q
N2 ↪→ Γ′2
pi2| Q.
Now Γ′1 and Γ
′
2 have finite index in Γ1 and Γ2 respectively, so they are of
type Fn+1. We can therefore apply the assumption that the n-(n + 1)-(n + 2)
Conjecture holds for Q to obtain that P ′ ≤ Γ′1×Γ′2, the fibre product associated
to the latter pair of short exact sequences, is of type Fn+1. But P
′ is just the
intersection of P with the finite index subgroup Γ′1 × Γ′2 ≤ Γ1 × Γ2, so P ′ has
finite index in P . Thus P is of type Fn+1 as well.
4 A topological approach
The statement of the n-(n + 1)-(n + 2) Conjecture is at its core a topological
question, as the finiteness properties Fn are concerned with the existence of
classifiying complexes of a certain type and thus implicitly with questions about
the finite generation of higher homotopy groups: Having constructed a finite n-
skeleton X(n) of a classifying complex for a group Γ, the group is of type Fn+1
if and only if pin(X
(n)) is finitely generated as a ZΓ-module.
It thus appears natural to approach the Conjecture from a topological point
of view. Indeed, that is the route taken in the proof of the 1-2-3 Theorem in
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[2]. There, the authors make heavy use of the combinatorial characterisation
of the second homotopy group of a 2-complex in terms of identity sequences
and crossed modules. Such a characterisation, alas, is not available for the
higher homotopy groups, and so their method of proof cannot be emulated in
the general case in any obvious way.
Yet, we will see how even without the combinatorial formalism, we can obtain
a number of results from a topological setting. We will derive the Split n-(n+1)-
(n+2) Conjecture from a general lemma relating the finiteness properties of the
groups in two short exact sequences. Furthermore we will show that the general
n-(n+ 1)-(n+ 2) Conjecture can be reduced to the case where the second factor
is a finitely generated free group.
4.1 Introducing stacks
To start off our investigation of fibre products we first need to establish some
tools for constructing classifying complexes of group extensions. Given a short
exact sequence of groups N ↪→ Γ Q along with classifying complexes for the
kernel and quotient, the goal is to construct a useful classifying complex for the
middle group Γ. “Useful” is a vague term here, of course, and various different
decriptions can be found in the literature (e.g. the “complexes of spaces” in
[22], the construction in [36] and the more algebraic analogue of “complexes of
groups” [23, 27]). The best-suited to our purposes, and the one we will employ
here, is the one given by Geoghegan in terms of “stacks” in [26, Chapter 6].
Let N ↪→ Γ pi Q be a short exact sequence of groups and X a BN -complex,
Z a BQ-complex. Then Geoghegan’s construction yields a BΓ-complex Y and a
cellular map Y → Z, which satisfies properties similar to those of a fibre product
over Z with fibre X. We shall sketch the relevant points of the construction.
First note that we can use the Borel construction to obtain a BΓ-complex Y1,
which is an actual fibre product over Z: Let Y0 be any BΓ-complex, and let
Y˜0, Z˜ denote the universal covers of Y0 and Z, respectively. Γ acts naturally on
Y˜0 as the group of deck transformations and also on Z via the homomorphism
pi : Γ → Q. So Γ acts diagonally on the direct product Y˜0 × Z˜, and this
action is free, since the action on the first factor is. Therefore the quotient
Y1 := (Y˜0×Z˜)/Γ is a BΓ-complex. Furthermore the projection map Y˜0×Z˜ → Z˜
descends to a cellular map φ1 : Y1 → Z on the respective quotients by the Γ-
actions. It is easily checked that φ1 is in fact a fibre bundle with fibre Y˜0/N .
This fibre is a BN -complex, though usually a very large one. We would like to
replace the fibres by some given BN -complex X, e.g. in our case, one with finite
skeleta up to some dimension. Geoghegan’s construction yields such a complex,
but it will not in general be a fibre bundle over Z, but merely a stack, defined
as follows in [26, Section 6.1]:
Definition 4.1. Let F , E and B be CW-complexes. Denote by Cn the set of
closed n-cells of B. A map φ : E → B is called a stack with fibre F , if there is
for each c ∈ Cn a map fe : F × Sn−1 → φ−1(B(n−1)) and denoting the disjoint
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union of these maps by
fn :
⊔
c∈Cn
X × Sn−1 → φ−1(B(n−1))
there are for each n ≥ 0 homeomorphisms4
kn : φ
−1(B(n−1)) ∪fn
( ⊔
c∈Cn
X ×Dn
)
→ φ−1(B(n)),
such that
1. kn agrees with inclusion on φ
−1(B(n−1)).
2. kn maps each closed cell of E onto a closed cell of B.
3. The following diagram commutes:
φ−1(B(n−1)) unionsq (⊔c∈Cn F ×Dn)
φ−1(B(n−1)) ∪fn
(⊔
c∈Cn F ×Dn
)
B(n)
φ−1(B(n))
quotient u
kn
φ|
where u agrees with φ on φ−1(B(n−1)) and on each copy X × Dn corre-
sponding to some cell c ∈ Cn it is projection to Dn followed by a charac-
teristic map Dn → c.
Roughly speaking, if φ : E → B is a stack, then E can be built up step-
by-step as a filtration En := φ
−1(B(n)), where going from En−1 to En involves
gluing in a complex F ×Dn over each n-cell c ∈ Cn. Over the interior c˚ of the
cell the map φ : φ−1(˚c)→ c˚ has the form of a projection F × c˚→ c˚.
Note also what the definition means in dimension 0: By convention, S−1 =
∅ = B(−1), so f0 is the map ∅ → ∅ and k0 is a homeomorphism
⊔
e∈E0 F →
φ−1(B(0)), that is φ−1(B(0)) consists of a copy of F for each vertex of B and φ
merely maps each copy to the corresponding vertex.
The utility of Definition 4.1 lies in two facts: Firstly, the Borel construction
described above in fact yields a stack (Y˜0 × Z˜)/Γ→ Z with fibre X0 := Y˜0/N .
Secondly, if φ : E → B is a stack with fibre F and F ′ is homotopy equivalent to
F , we can “rebuild” the stack, by gluing in the fibre F ′ instead of F at each step.
This yields a new stack φ′ : E′ → B, and a homotopy equivalence h : E → E′
4We write ∪fn for “gluing along fn”, i.e. the quotient space of the disjoint union identifying
each x in the domain of fn with fn(x).
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making the diagram
E E′
B
φ
h
φ′
commute up to homotopy. This homotopy can be chosen such that the above
diagram commutes up to homotopy “over every cell”, meaning that there is a
homotopy H : E× I → B from φ to φ′ ◦h with H(φ−1(e)× I) ⊂ e for all closed
cells e ⊂ B. Proofs of these facts can be found in [26, Section 6.1].
In particular, in our example of a stack obtained from the Borel construction,
we can replace the fibre X0 by any given BN -complex X. So we obtain the
following (this is [26, Theorem 7.1.10]):
Theorem 4.2. Let N ↪→ Γ pi Q be a short exact sequence. Furthermore,
let X be a BN -complex and Z a BQ-complex and identify their fundamental
groups with N and Q, respectively, by fixing isomorphisms N ∼= pi1(X,x0) and
Q ∼= pi1(Z, z0). Then there is a BΓ-complex Y and a cellular map φ : Y → Z
with the following properties:
1. φ induces the homomorphism pi : Γ → Q on the level of fundamental
groups.
2. φ is a stack with fibre X.
4.2 Stacks and an Fn+1-criterion
Note that in any stack φ : E → B with fibre F the m-cells of E are in bijective
correspondence with the set
⋃
k+l=m C
B
k × CFl where CBk denote the set of k-
cells of B and CFl the set of l-cells of F . So in particular, if B and F have finite
n-skeleta then the same will be true of E. Applying this to the stack supplied
by Theorem 4.2, we obtain the well-known statement that any extension of a
group of type Fn by a group of type Fn is of type Fn itself.
Let us now consider a short exact sequence of groups
N ↪→ P pi Γ
where N is of type Fn and Γ is of type Fn+1 for some n ≥ 2.5 We shall look for
conditions for P to be of type Fn+1 (later, we will apply these considerations
to the short exact sequence N1 ↪→ P  Γ2 associated to a fibre product P ≤
Γ1 × Γ2).
Pick a BN -complex X with finite n-skeleton and a BΓ-complex Y with
finite (n + 1)-skeleton and let φ : W → Y be a stack with fibre X, as given by
Theorem 4.2. That is, W is a BP -complex and φ induces the homomorphism
5Most of what follows can, in principle, be applied to the case n = 1 as well. However, we
have treated this case before and excluding it here sometimes avoids clutter.
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pi : P  Γ. We may furthermore assume that Y has a single vertex ∗ (e.g. [26,
Proposition 7.1.5]). By the stack property, φ−1(∗) is a subcomplex isomorphic
to X. Identifying these complexes, we will frequently regard X as a subcomplex
of W .
As remarked above, the n-skeleton of W will be finite. The (n+ 1)-skeleton
of W will usually be infinite, since there might be infinitely many (n+1)-cells in
X. However, there are only finitely many (n+ 1)-cells in W that project down
to cells in Y of dimension ≥ 1. In other words, only finitely many (n+ 1)-cells
of W are not completely contained in X = φ−1(∗). So P is of type Fn+1 if
and only if we can remove from the (n + 1)-skeleton W (n+1) all but finitely
many of the (n+ 1)-cells in X ≤ W while making sure that the complex stays
n-aspherical.
We will prove the following criterion, comparing the finiteness properties in
two short exact sequences related by a homomorphism:
Proposition 4.3. Let N ↪→ P  Γ be a short exact sequence of groups with Γ
of type Fn+1 and N of type Fn for some n ≥ 2. Assume that there is another
short exact sequence N ′ ↪→ P ′  Γ′ and a homomorphism φ : P ′ → P which
restricts to an isomorphism φ : N ′ → N such that P ′ is of type Fn+1.
Fn Fn+1 Fn+1
N ′ P ′ Γ′
N P Γ
Fn Fn+1
φ| φ
Then P is of type Fn+1 as well.
First we will need an easy lemma which essentially states that removing
some (n+ 1)-cells from an n-aspherical complex results in a complex whose nth
homotopy group is generated, as a pi1-module, by the attaching maps of the
(n+ 1)-cells that have been removed.
Lemma 4.4. Let n ≥ 2. Let A be a connected, (n + 1)-dimensional CW-
complex with pin(A) = 0 and B,C ⊂ A subcomplexes such that C is connected,
B(n) = A(n) and B ∪ C = A. Then pin(B) is generated as a pi1(B)-module by
the image of the map pin(C
(n))→ pin(B) induced by inclusion.
Proof. The pair (A(n+1), A(n)) is an (n+ 1)-cellular extension, so by a theorem
of J.H.C. Whitehead ([38, 39]; see also [37, Chapter V.1, Theorem 1.1]) the
kernel of the map pin(A
(n))→ pin(A(n+1)) induced by inclusion is generated by
the attaching maps of (n + 1)-cells. To make this statement precise, we will
have to introduce basepoints. For each (n+ 1)-cell e of A, pick a characteristic
map he : (D
n+1, Sn) → (A(n+1), A(n)). Then pick basepoints v0 ∈ A(0) and
x0 ∈ Sn and for each e a path pe : [0, 1] → A from v0 to he(x0). Writing
εn for some fixed generator of pin(S
n, x0) and de for the restriction he|Sn (i.e.
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de is an attaching map for the cell e), we have that de represents an element
de∗(εn) ∈ pin(A(n), he(x0)) and pe induces an isomorphism
τpe : pin(A
(n), he(x0))→ pin(A(n), v0).
The theorem by Whitehead alluded to above then says that the elements τpede∗(εn)
generate pin(A
(n), v0) as a pi1(A, v0)-module.
Now (A(n), B) is again an (n + 1)-cellular extension, so ι∗ : pin(A(n), v0) →
pin(B, v0), induced by inclusion, is a surjection. Since B and A have the same
2-skeleton, we have pi1(A) = pi1(B). Therefore the elements ι∗
(
τpede∗(εn)
)
generate pin(B, v0) as a pi1(B)-module. Now ι∗
(
τpede∗(εn)
)
= 0 for those (n+1)-
cells e which are contained in B, and all the other (n+ 1)-cells are contained in
C, since B ∪ C = A. But if e is in C then ι∗
(
τpede∗(εn)
)
lies in the image of
the map pin(C
(n), v0)→ pin(B, v0) (we can always choose pe to lie in C), so this
image generates pin(B, v0) as a pi1(B, v0)-module. This proves the assertion.
Theorem 4.5. Let N ↪→ P pi Γ be an exact sequence of groups, such that Γ is
of type Fn+1 and N is of type Fn (where n ≥ 2). Furthermore let X be a BN -
complex with finite n-skeleton and fix an isomorphism to identify pi1(BN) with
N . Then P is of type Fn+1 if and only if there exists a finite (n+1)-dimensional,
n-aspherical complex X¯, such that
1. X(n) can be embedded as a subcomplex in X¯ and the inclusion ι : X(n) ↪→
X¯ induces an injective map ι∗ on fundamental groups.
2. There is a homomorphism f : pi1(X¯) → P making the following diagram
commute:
X(n) X¯
pi1(X
(n)) pi1(X¯)
N P
ι
ι∗
f
Proof. Let Y be a BΓ-complex with a single vertex and finite (n + 1)-skeleton
and let φ : W → Y be a stack with fibre X and inducing pi on fundamental
groups, as per Theorem 4.2. Then W has finite n-skeleton. As before we regard
X = φ−1(Y ) as a subcomplex of W .
To prove one direction of the claim, suppose P is of type Fn+1. In this
case some finite P -invariant subcomplex W ′(n+1) ⊂ W (n+1) is n-aspherical.
Clearly W ′(n+1) contains X(n) as a pi1-embedded subcomplex and the inclusion
W ′(n+1) →W (n+1) induces a homomorphism f as required in the claim.
The idea of the proof for the other direction is to “replace” the potentially
infinitely many (n+ 1)-cells of X ⊂W with the finitely many (n+ 1)-cells from
X¯, glued into W using a topological realisation of f .
Let V denote the subcomplex of W (n+1) consisting of W (n) together with
those finitely many (n+ 1)-cells of W that are mapped under φ to cells of Z of
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dimension ≥ 1. Applying Lemma 4.4 with A = W (n+1), B = V and C = X(n+1)
we obtain that pin(V ) is generated as a pi1(V )-module by the image of the map
pin(X
(n)) → pin(V ) induced by inclusion. Roughly speaking, we can push any
n-sphere in W into X(n) via a homotopy not intersecting any of the (n+1)-cells
in X. We now proceed to make n-spheres in X contractible.
We have the following diagram of spaces and inclusions and the induced
diagram on fundamental groups:
X(n) X¯(n) pi1(X
(n)) pi1(X¯
(n))
X(n) W (n) N P
ι ι∗
f
Since W (n) is (n−1)-aspherical there is no obstruction to constructing a cellular
map ψ : X¯(n) → W (n) making the left square commute and inducing f on the
level of fundamental groups. Now let W˜ := V ∪ψ X¯, i.e. W˜ is constructed by
attaching to V the (n + 1)-cells of X¯ along ψ. Denote by ψ¯ : X¯ → W˜ the
natural map (i.e. the composition of the inclusion map X¯ → V unionsq X¯ with the
quotient map V unionsq X¯ → V ∪ψ X¯).
X(n) X¯(n) X¯
X(n) W (n) V W˜
ψ ψ¯
So W˜ is a finite, (n + 1)-dimensional complex with the same n-skeleton as
our original BP -complex W . We will now show that W˜ is in fact n-aspherical,
and therefore a finite BP (n+1), proving that P is of type Fn+1.
We consider the following sequence of homomorphisms induced by inclusions:
pin(X
(n))
ι1→ pin(V ) ι2→ pin(W˜ ).
First note that, since V (n) = W˜ (n), the map ι2 is a surjection. If α : S
n → X(n)
is any n-sphere in X then, since X¯ is n-aspherical, α can be contracted in
X¯, i.e. there is an extension αˆ : Dn+1 → X¯ with αˆ|Sn = α. Since ψ was
assumed to restrict to inclusion on X(n), so does ψ¯. So the composition ψ¯ ◦ αˆ :
Dn+1 → W˜ shows that α is null-homotopic in W˜ . In other words, the map
ι2 ◦ ι1 : pin(X
(n))→ pin(W˜ (n+1)), induced by inclusion, is the zero map.
But we have shown above that the image of ι1 generates pin(V ) as a pi1-
module. Therefore a set of generators of pin(V ) is sent to 0 under ι2, proving
that ι2 is the zero map. Combining this with the fact that ι2 is a surjection, we
get that pin(W˜ ) = 0, as claimed.
Proposition 4.3 now follows as a corollary.
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Proof of Proposition 4.3. Let X be a BN ′-complex with finite n-skeleton. The
quotient Γ′ ∼= P ′/N ′ is of type Fn (actually, even Fn+1; see e.g. [26, Theorem
7.2.21]), so we can pick a BΓ′-complex Z ′ with finite n-skeleton and a single
vertex as its 0-skeleton.
By Theorem 4.2 we can pick a BP ′-complex W which is a stack over Z ′ with
fibre X. In particular W has finite n-skeleton and contains X as a subcomplex.
Since P ′ is of type Fn+1, there is a finite n-aspherical subcomplex W ′
(n+1) ⊂
W (n+1) with W ′(n) = W (n). Since the fundamental group depends only on the
2-skeleton, we have pi1(W
′(n+1)) = pi1(W (n+1)) ∼= P ′ and W ′(n+1) still contains
X(n) as a subcomplex with pi1-injective embedding X
(n) ↪→ W ′(n+1). Thus
we can take W ′(n+1) to be X¯ in Theorem 4.5 and conclude that P is of type
Fn+1.
4.3 The Split n-(n+1)-(n+2) Conjecture and the reduction
to free Γ2
Applying this to the situation of the n-(n+ 1)-(n+ 2) Conjecture, consider, as
always, two short exact sequences
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
such that N1 is of type Fn and Γ1 and Γ2 are of type Fn+1 (with n ≥ 2).
Then the associated fibre product P fits into a short exact sequence
N1 ↪→ P
p2 Γ2,
which satisfies the finiteness requirements of Proposition 4.3. So to show that P
is of type Fn+1 we need to find a group P
′ as in the statement of the Proposition.
Note that Γ1 is a group of type Fn+1 that contains N1 as a normal subgroup,
as required of P ′. However, in general there is no homomorphism φ : Γ1 → P
which maps N1 ≤ Γ1 to N1 × 1 ≤ P .6 Yet there is one particular special
case, where such a map does always exist, namely when the second short exact
sequence splits. This allows us to prove the split case of the n-(n + 1)-(n + 2)
Conjecture.
Corollary 4.6. Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be short exact sequences with Γ1, Γ2 of type Fn+1 and N1 of type Fn and assume
the second sequence splits. Then the associated fibre product is of type Fn+1.
6Note that in the symmetric case, where the two short exact sequences are identical,
there always is a natural homomorphism Γ1 → P ≤ Γ1 × Γ1, sending γ to (γ, γ). But this
homomorphism does not fit into a commutative diagram, as in the statement of Proposition
4.3, since it does not map N1 ≤ Γ1 to N1 × 1 ≤ P .
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Remark 4.7. Note that we do not need an additional assumption on Q here
(though the ones we have made on Γ1 and N1 imply that Q is at least of type
Fn+1).
Proof. Let σ : Q → Γ2 be a splitting homomorphism for the second sequence,
so pi2 ◦σ = idQ. Now consider the exact sequence
N1 ↪→ P
p2 Γ2.
Define
φ : Γ1 → P, γ1 7→ (γ1, σpi1(γ1)).
Note that since pi1(γ1) = pi2σpi1(γ1) the image of φ does indeed lie in P . Ob-
viously, φ restricts to the identity on N1. Therefore, Proposition 4.3 applies to
yield the conclusion.
This result was previously obtained, using different methods, by Martin
Bridson and Ken Brown in unpublished work.
As for the 1-2-3 Theorem, we can use Proposition 4.3 not just to prove the
split case but also to reduce the general case of the n-(n+ 1)-(n+ 2) Conjecture
to the case when Γ2 is finitely generated free, by the same method as before.
Consider again the sequences
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
with N1 of type Fn, Γ1 and Γ2 of type Fn+1 and Q of type Fn+2 Now let F be
a finitely generated free group with an epimorphism p : F → Γ2. Let P ′ denote
the fibre product associated to the short exact sequences
N1 ↪→ Γ1
pi1 Q
N ′2 ↪→ F
pi2p Q
where N ′2 = ker(pi2p) = p
−1(N2). Now the homomorphism
id× p : Γ1 × F → Γ1 × Γ2, (γ1, g) 7→ (γ1, p(g))
maps P ′ onto P and clearly sends N1 × 1 to N1 × 1. Thus by Proposition 4.3,
P is of type Fn+1 if P
′ is.
Proposition 4.8. If the n-(n + 1)-(n + 2) Conjecture holds whenever Γ2 is
finitely generated free then it holds in general.
5 Homological finiteness properties of fibre prod-
ucts
In the topological approach presented in the previous section, we endeavoured
to prove the n-(n+1)-(n+2) Conjecture by constructing a finite (n+1)-skeleton
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of a classifying space of the fibre product directly. We have seen how proving
a group to be of type Fn+1 comes down to proving a certain higher homotopy
group to be finitely generated.
Here, we will take a different course, and consider homology groups instead of
homotopy. This approach brings with it the usual advantages of homology over
homotopy: Better computability and the availability of powerful algebraic tools,
notably, in our case, spectral sequences. It also brings the usual disadvantages:
The homological finiteness properties we will consider here are strictly weaker
than the Fn-properties.
Nonetheless, these properties have proved useful in the analysis of subdirect
products in the past. We will prove in this section homological versions of the
n-(n + 1)-(n + 2) and Virtual Surjection Conjectures, which, unlike the result
on split sequences from the previous section, apply in full generality.
5.1 Type wFPn
We will consider the following homological finiteness condition.7
Definition 5.1. A group Γ is of type wFPn (“weak FPn”) if the homology
groups Hk(Γ
′,Z) are finitely generated for all k ≤ n and all finite index sub-
groups Γ′ ≤ Γ.
Recall that a group is of type FPn if Z, considered as a trivial Γ-module,
has a free resolution by Γ-modules which is finitely generated up to dimension
n. Any group of type Fn is of type FPn (the augmented chain complex of the
universal cover of a suitable classifying complex supplies the desired resolution).
And, since having type FPn is preserved under passing to subgroups of finite
index, every group of type FPn is of type wFPn. The converse of this latter
implication does not hold, as shown by Leary and Saadetog˘lu [29].8
5.2 The Weak n-(n + 1)-(n + 2) Theorem and the Weak
Virtual Surjections Conjecture
Let N ↪→ Γ Q be a short exact sequence. Using the LHS spectral sequence it
is easy to prove that9 Hn(Γ) will be finitely generated if Q is of type FPn and
N is of type wFPn. Looking a little more carefully, we see that in fact, we can
get away with a weaker condition on N :
Lemma 5.2. Let N ↪→ Γ  Q be a short exact sequence with Q of type FPn
and N of type wFPn−1. Also, assume that H0(Q,Hn(N)) is finitely generated.
Then Hk(Γ,Z) is finitely generated for k ≤ n.
7A similar condition has been used before by K. Brown in [19, 20] in the context of Euler
characteristics of groups. He defines a group to be of finite homological type if it has finite
virtual cohomological dimension and every finite index subgroup has finitely generated inte-
gral homology. We use a different nomenclature to avoid confusion with another, stronger
condition, also called “finite homological type”, used in [21], see also [29].
8The authors employ Brown’s stronger definition of finite homological type. See Remark
2 in their paper for the relationship between these two conditions.
9we will consider only integral homology here, so we write Hn(Γ) := Hn(Γ,Z)
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Proof. This follows easily from the LHS spectral sequence
E2pq = Hp(Q,Hq(N))⇒ Hp+q(Γ).
The assumptions on N and Q imply that E2pq is finitely generated for q ≤ n− 1
and p ≤ n. In particular, E2pq is finitely generated whenever p+q ≤ n−1. Since
H0(Q,Hn(N)) is finitely generated as well, all the entries E
2
pq on the diagonal
p+q = n are finitely generated. Then the same holds true for the corresponding
entries on the E∞ page. But for any k, the entries E∞pq on the diagonal p+q = k
are the factors of a filtration of Hk(Γ), and so Hk(Γ) is finitely generated for all
k ≤ n.
Conversely, if Γ is of type wFPn, then the stated condition for the kernel N
holds, whenever Hn+1(Q,Z) is finitely generated.
Lemma 5.3. Let N ↪→ Γ  Q be a short exact sequence of groups. Assume
that N is of type wFPn−1, that Γ is of type wFPn and that Q is of type FPn.
If Hn+1(Q) is finitely generated, then so is H0(Q,Hn(N)). If Γ is of type
wFPn+1 the converse holds as well.
Proof. As before, consider the LHS spectral sequence
E2pq = Hp(Q,Hq(N))⇒ Hp+q(Γ).
The assumptions on N and Q imply that E2pq is finitely generated for q ≤ n− 1
and p ≤ n.
Let us first focus on the entry at position (n+ 1, 0) in the spectral sequence.
On the Er+1-page, Er+1n+1,0 is the kernel of the map dr : E
r
n+1,0 → Ern+1−r,r−1.
The codomain of this map is finitely generated for 2 ≤ r ≤ n and thus Er+1n+1,0 =
ker dr is finitely generated if and only if E
r
n+1,0 is. Hence, by induction, E
n+1
n+1,0
is finitely generated if and only if E2n+1,0 = Hn+1(Q,Z) is.
Similarly, looking at the entry (0, n) we find that Er+10,n is the cokernel of
the map dr : E
r
r,n−r+1 → Er0,n. The groups Err,n−r+1 are finitely generated for
2 ≤ r ≤ n and thus Er+10,n = coker dr is finitely generated if and only if Er0,n is.
By induction, En+10,n is finitely generated if and only if E
2
0,n = H0(Q,Hn(N)) is.
On the En+1-page we have a map
dn+1 : E
n+1
n+1,0 → En+10,n (1)
The cokernel of this map is En+20,n = E
∞
0,n, which is finitely generated, since Γ is
of type wFPn. Thus, if E
n+1
n+1,0 is finitely generated, then so is E
n+1
0,n .
If Γ is of type wFPn+1, then the kernel of (1), E
n+2
n+1,0 = E
∞
n+1,0 is finitely
generated as well. So in this case, En+1n+1,0 is finitely generated if and only if
En+10,n is.
Now we can prove the desired “weak” version of the n-(n+ 1)-(n+ 2) Con-
jecture.
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Theorem 5.4 (The Weak n-(n+ 1)-(n+ 2) Theorem). Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be short exact sequences with N1 of type wFPn, Γ1 of type wFPn+1, Γ2 of
type FPn+1, and Q of type FPn+2. Then the associated fibre product is of type
wFPn+1.
Proof. Denote the fibre product by P and the projection homomorphisms by
p1 : P → Γ1 and p2 : P → Γ2.
We need to show that Hk(P
′) is finitely generated for all k ≤ n+ 1 and all
finite index subgroups P ′ ≤ P . First we will show that it is in fact enough to
prove that Hk(P ) is finitely generated for k ≤ n+ 1.
Let P ′ ≤ P be a subgroup of finite index and set Γ′1 := p1(P ) and Γ′2 :=
p2(P ). Then P
′ is itself a subdirect product of Γ′1 and Γ
′
2. The associated short
exact sequences are
N ′1 ↪→ Γ′1
pi1 Q′
N ′2 ↪→ Γ′2
pi2 Q′
where N ′1 := P
′ ∩ Γ1, N ′2 := P ′ ∩ Γ2 and Q′ = P ′/(N ′1 × N ′2). Now the Γ′i
and N ′i are finite index subgroups in Γi and Ni respectively, so they share the
same finiteness properties. Furthermore Q′ ∼= Γ′1/N ′1 is a finite index subgroup
of Γ1/N
′
1 which fits in a short exact sequence
N1/N ′1 ↪→ Γ1/N ′1  Q.
Here N1/N
′
1 is finite and Q is of type FPn+2, so Γ1/N
′
1 is of type FPn+2 as well.
Thus we have shown that any finite index subgroup P ′ ≤ P is itself a fibre
product associated to two short exact sequences satisfying the same finiteness
conditions as those in the statement of the theorem. Without loss of generality,
it therefore suffices to show that Hk(P,Z) is finitely generated for all k ≤ n.
Consider first the short exact sequence
N1 ↪→ P
p1 Γ2.
Here, Γ2 is of type FPn+1 and N1 is of type wFPn. By Lemma 5.2, if we
can show that H0(Γ2, Hn+1(N1)) is finitely generated, it follows that Hk(P ) is
finitely generated for k ≤ n.
Now consider the short exact sequence
N1 ↪→ Γ1
pi1 Q.
Here, we can apply Lemma 5.3 to conclude that H0(Q,Hn+1(N1)) is finitely gen-
erated. What remains then is to compareH0(Γ2, Hn+1(N1)) withH0(Q,Hn+1(N1)),
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and we will show that these two modules are in fact isomorphic, finishing the
proof.
Recall that for any group Γ and Γ-module A, the 0th homology group
H0(Γ, A) is the module of coinvariants
H0(Γ, A) = AΓ = A/〈{a− γa | a ∈ A, γ ∈ Γ}〉.
Let γ2 ∈ Γ2. The action of Γ2 on Hn+1(N1) is induced by the conjugation action
of P on N1. More precisely, given γ2 ∈ Γ2, pick a lift γ = (γ1, γ2) ∈ P . Then
the action of γ2 on Hn+1(N1) is given by the map c
γ
∗ : Hn+1(N1)→ Hn+1(N1)
induced by the conjugation homomorphism cγ : N1 → N1. Conjugating an
element of N1 = N1 × 1 by γ has the same effect as conjugating by γ1 in Γ1:
cγ(n) = (γ1, γ2)(n, 1)(γ1, γ2)
−1 = (γ1nγ−11 , 1).
Therefore cγ = cγ1 . Now set q := pi1(γ1) = pi2(γ2). By definition of the Q-action
on Hn+1(N1) (stemming from the short exact sequence N1 ↪→ Γ1  Q), we have
qa = cγ1∗ (a) = c
γ
∗(a) = γ2a, for all a ∈ Hn+1(N1).
Since any q ∈ Q lifts to some γ2 ∈ Γ2, we obtain that
Since the n-(n+ 1)-(n+ 2) Conjecture implies the Virtual Surjections Con-
jecture, it should come as no surprise that Theorem 5.4 implies a weak variant
of the Virtual Surjections Conjecture. The proof follows closely that of Theorem
3.12.
Corollary 5.5 (The Weak Virtual Surjections Theorem). Let k ≥ 2. Let
Γ1, . . . ,Γn be groups of type FPk and P ≤ Γ1 × · · · × Γn a subgroup of their
direct product. If P virtually surjects to k-tuples of factors then P is of type
wFPk.
Proof. We will use the notation established at the end of Chapter 2. As in
Theorem 3.12 we prove the following claim by induction on k:
Claim. Let k ≥ 1. Let Γ1, . . . ,Γn be groups of type FPk and P ≤ Γ1×· · ·×Γn
a subgroup of their direct product such that P/(P ∩ Γi) is virtually nilpotent
for all i with 1 ≤ i ≤ n. Then P is of type wFPk.
For k ≥ 2 the extra assumption on the P/(P ∩ Γi) is redundant, by 3.3,
so the Claim does imply the statement of the Corollary. Furthermore we may
assume, by the same argument as used in Section 3 (see Proposition 3.8), that
P is a subdirect product, replacing each Γi by its finite index subgroup pi(P ),
if necessary.
In the base case k = 1, the groups Γ1, . . . ,Γn are FP1 and thus finitely
generated. So from Proposition 3.8 we have that P is finitely generated and
thus a fortiori of type wFP1.
Fix a k ≥ 2. We prove the Claim for this k by induction on n. If n ≤ k then
P is of finite index in Γ1 × · · · × Γn and thus of type FPk.
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So let n > k. Set T := p1,...,n−1(P ) ≤ Γ1 × · · · × Γn−1. Then P is the fibre
product associated to the short exact sequences
N1,...,n−1 ↪→T  Q
Nn ↪→Γn Q
Here, T ≤ Γ1 × · · · × Γn−1 is a subdirect product, which also virtually surjects
to k-tuples, since pJ(T ) = pJ(P ) for all J ⊂ {1, . . . , n − 1}. By induction, we
can assume that T is of type wFPk.
By Lemma 3.11, N1,...,n−1 ≤ Γ1 × · · · × Γn−1 virtually surjects to (k − 1)-
tuples. In addition,
Γi/(N1,...,n−1 ∩ Γi) = Γi/P ∩ Γi
is virtually nilpotent for all i ∈ {1, . . . , n−1}. Thus, by the inductive assumption
on k, we can assume that N1,...,n−1 is of type wFPk−1.
Furthermore, by assumption, Q ∼= Γn/Nn is virtually nilpotent and finitely
generated and therefore of type F∞, so certainly of type wFP2. We can then
apply Theorem 5.4 to conclude that P is of type wFPk, finishing the induction.
Kochloukova in [28] proved a converse to this theorem in the case where
the factors are non-abelian free (or limit) groups, which we quoted earlier (in a
weaker form) as Theorem 3.5. Her theorem states [28, Theorem 11]:
Theorem 5.6. Let Γ1, . . . ,Γn be non-abelian limit groups and P ≤ Γ1×· · ·×Γn
a full subdirect product. If P is of type wFPk (for some k ≥ 2) then P virtually
surjects to k-tuples.
So in conjunction with Corollary 5.5 this gives a complete characterisation
of the full subdirect products of type wFPk of free groups:
Corollary 5.7. Let Γ1, . . . ,Γn be non-abelian limit groups and P ≤ Γ1×· · ·×Γn
a full subdirect product. Then P is of type wFPk (for some k ≥ 2) if and only
if P virtually surjects to k-tuples.
Of course, the conjecture (which would follow from the Virtual Surjections
Conjecture) is that “wFPk” in this statement can be replaced by “Fk”, which
would imply that these two finiteness properties are equivalent (for k ≥ 2)
among the class of subgroups of direct products of free groups.
6 Abelian quotients
We have found in Section 3 that there is particular interest in resolving the
n-(n + 1)-(n + 2) Conjecture in the case where the quotient Q is nilpotent, as
that would suffice to establish the Virtual Surjections Conjecture. One might
try then, as a first step towards that goal, to prove the conjecture in the case
where the quotient Q is abelian, hoping to then establish the nilpotent case by
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induction on the nilpotency class. We will prove in this chapter the abelian case,
followed by an analysis of the difficulties one comes up against in a potential
induction argument.
The case of abelian Q is in fact quite special. Recall the standard setup: We
are given two short exact
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
where Γ1 and Γ2 are of type Fn+1, N1 is of type Fn and Q now is a finitely
generated abelian group (and therefore in particular of type F∞). The fibre
product
P = {(γ1, γ2) ∈ Γ1 × Γ2 | pi1(γ1) = pi2(γ2)}
is then the kernel of a homomorphism to an abelian group, namely
Γ1 × Γ2 → Q, (γ1, γ2) 7→ pi1(γ1)− pi2(γ2).
This innocuous observation simplifies matters enormously: While there is a
rather short supply of generally applicable tools to answer the question which
subgroups of a group of type Fn are themselves of this type, there is one large
exception. That is the case where the subgroup in question is the kernel of a
homomorphism to an abelian group. For here, the theory of Σ-invariants can
be brought to bear.
6.1 Σ-invariants, Meinert’s Inequality and the abelian n-
(n + 1)-(n + 2) Conjecture
We content ourselves here with a brief summary of results from Σ-theory per-
tinent to our discussion. The invariants were first introduced in the context of
metabelian group by Bieri and Strebel in [11] and later generalised in [8, 9, 7].
A general reference is [10]. The higher-dimensional topological invariants used
here were introduced in [33]. For a survey, see [5, 6].
Consider for any group Γ of type Fn the set H(Γ,R) \ {0} of non-trivial
homomorphisms from Γ to the additive reals (the “characters” of Γ). We take
two such homomorphisms χ1, χ2 : Γ→ R to be equivalent if they only differ by
a positive real factor, i.e. χ1 = cχ2 for some c > 0. The set of equivalence classes
is called the character sphere S(Γ) (note that H(Γ,R) is a finite-dimensional
real vector space if Γ is finitely generated, so S(Γ) is a topological sphere).
We can then associate to Γ a chain of invariants
S(Γ) ⊃ Σ1(Γ) ⊃ Σ2(Γ) ⊃ · · · ⊃ Σn(Γ),
the Σ- or Bieri-Neumann-Strebel-Renz invariants of Γ.
The Σ-invariants describe certain connectivity properties of EΓ-complexes
and are related to a variety of structural properties of the group, for which we
refer the reader to the sources cited above. For us, the utility of these invariants
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lies in the fact that they contain all the information on the higher finiteness
properties of the normal subgroups of Γ with abelian quotient. The following
theorem is due to Renz [33, 34] (see [9] for a proof of the analogous result for
the homological invariant or [7] for a proof in a much more general setting).
Theorem 6.1. Let Γ be a group of type Fn and N CΓ a normal subgroup with
Γ/N abelian. Then N is of type Fn if and only if
S(G,N) := {[χ] ∈ S(G) | χ(N) = 0}
is contained in Σn.
To apply this theorem to the problem at hand we also need a way of relating
the Σ-invariants of a direct product to those of the factor groups. Fortunately,
all our needs are served by Meinert’s Inequality. This is due to Meinert (un-
published, based on work in [30]; for a proof see [25, Lemma 9.1] or the sketch
in [6]).
Theorem 6.2 (Meinert’s Inequality). Let Γ1 and Γ2 be groups of type Fn and
let χ : Γ1 × Γ2 → R be a homomorphism with both χ|Γ1 and χ|Γ2 non-trivial.
If [χ|Γ1 ] ∈ Σk(Γ1) and [χ|Γ2 ] ∈ Σl(Γ2) for some k, l ≥ 1 with k + l < n then
[χ] ∈ Σk+l+1(Γ1 × Γ2).
Now we are equipped to give a proof of the n-(n+ 1)-(n+ 2) Conjecture in
the case where the quotient Q is virtually abelian.
Theorem 6.3. Let
N1 ↪→ Γ1
pi1 Q
N2 ↪→ Γ2
pi2 Q
be short exact sequences of groups with Γ1 and Γ2 of type Fn+1, Q finitely
generated virtually abelian, N1 of type Fk and N2 of type Fl for some k, l ≥ 0
with k + l ≥ n. Then the fibre product associated to these sequences is of type
Fn+1.
Remark 6.4. Note that the assumptions on the finiteness properties of the
kernels here are more general than in the original statement, where we asked
for N1 to be of type Fn but made no assumptions on N2. This asymmetry
disappears in the abelian case, where we have the more attractive assumption
that the finiteness properties of the kernels N1 and N2 “add up to n”. Of
course, it is tempting to speculate whether this alternative assumption might
be sufficient in the general case as well, but at this point, the abelian case aside,
we have very little evidence to either support or reject this.
Proof. First, we note that we may assume that Q is abelian instead of merely
virtually abelian, by the remark after Theorem 3.12.
We have to show that [χ] ∈ Σn+1(Γ1×Γ2) for all non-trivial homomorphisms
χ : Γ1 × Γ2 → R with P ⊂ kerχ.
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So let χ be any such a homomorphism. Since we can pick for any γ =
(γ1, γ2) ∈ Γ1 × Γ2 a γ′ = (γ′1, γ2) ∈ P , so that γ−1γ′ ∈ Γ1, we have Γ1 × Γ2 =
Γ1P . So χ|Γ1 cannot be trivial, otherwise χ would be, too. Similarly χ|Γ2 6= 0.
Now χ|Γ1 vanishes on P ∩ Γ1 = N1. Since N1 is of type Fk, Theorem 6.1
tells us that [χ|Γ1 ] ∈ Σk(Γ1). By an analogous argument, [χ|Γ2 ] ∈ Σl(Γ2). By
Meinert’s inequality this implies [χ] ∈ Σk+l+1(Γ1 × Γ2) ⊂ Σn+1(Γ1 × Γ2).
Solving the n-(n+ 1)-(n+ 2) Conjecture in this special case means that we
can also establish a corresponding case of the Virtual Surjections Conjecture.
This was previously proved by Kochloukova in [28].
Corollary 6.5. Let Γ1, . . . ,Γn be groups of type Fk and P ≤ Γ1 × · · · × Γn a
subgroup of their direct product. If P virtually surjects to k-tuples of factors and
pi(P )/(P ∩Γi) is virtually abelian for all i with 1 ≤ i ≤ n then P is of type Fk.
Proof. This follows directly from Theorem 3.12 (or, more precisely, from the
Claim in the proof).
In fact Lemma 3.3 tells us that if P ≤ Γ1 × · · · × Γn is a subdirect product
that virtually surjects to k-tuples, where 2k > n, then the quotients Γi/Ni are
virtually abelian, so we obtain:
Corollary 6.6. The Virtual Surjections Conjecture holds if 2k > n and in
particular for n ≤ 5.
Proof. The latter statement follows from the Virtual Surjections to Pairs The-
orem, i.e. the k = 2 case of the Virtual Surjections Conjecture, proved in [17,
Theorem A].
References
[1] Herbert Abels. An example of a finitely presented solvable group. In
Homological group theory (Proc. Sympos., Durham, 1977), volume 36 of
London Math. Soc. Lecture Note Ser., pages 205–211. Cambridge Univ.
Press, Cambridge, 1979.
[2] Gilbert Baumslag, Martin R. Bridson, Charles F. Miller, III, and Hamish
Short. Fibre products, non-positive curvature, and decision problems. Com-
ment. Math. Helv., 75(3):457–477, 2000.
[3] Gilbert Baumslag and James E. Roseblade. Subgroups of direct products
of free groups. J. London Math. Soc. (2), 30(1):44–52, 1984.
[4] Robert Bieri. Homological Dimension of Discrete Groups. Queen Mary Col-
lege Mathematical Notes. Queen Mary College Department of Pure Math-
ematics, London, second edition, 1981.
29
[5] Robert Bieri. The geometric invariants of a group. A survey with emphasis
on the homotopical approach. In Geometric Group Theory, Vol. 1 (Sussex,
1991), volume 181 of London Math. Soc. Lecture Note Ser., pages 24–36.
Cambridge Univ. Press, Cambridge, 1993.
[6] Robert Bieri. Finiteness length and connectivity length for groups. In Geo-
metric group theory down under (Canberra, 1996), pages 9–22. de Gruyter,
Berlin, 1999.
[7] Robert Bieri and Ross Geoghegan. Connectivity properties of group actions
on non-positively curved spaces. Mem. Amer. Math. Soc., 161(765):xiv+83,
2003.
[8] Robert Bieri, Walter D. Neumann, and Ralph Strebel. A geometric invari-
ant of discrete groups. Invent. Math., 90(3):451–477, 1987.
[9] Robert Bieri and Burkhardt Renz. Valuations on free resolutions and higher
geometric invariants of groups. Comment. Math. Helv., 63(3):464–497,
1988.
[10] Robert Bieri and Ralph Strebel. Geometric Invariants of Discrete Groups.
Unpublished monograph.
[11] Robert Bieri and Ralph Strebel. Valuations and finitely presented
metabelian groups. Proc. London Math. Soc. (3), 41(3):439–464, 1980.
[12] Martin R. Bridson and James Howie. Subgroups of direct products of
elementarily free groups. Geom. Funct. Anal., 17(2):385–403, 2007.
[13] Martin R. Bridson and James Howie. Subgroups of direct products of two
limit groups. Math. Res. Lett., 14(4):547–558, 2007.
[14] Martin R. Bridson, James Howie, Charles F. Miller, III, and Hamish Short.
The subgroups of direct products of surface groups. Geom. Dedicata, 92:95–
103, 2002. Dedicated to John Stallings on the occasion of his 65th birthday.
[15] Martin R. Bridson, James Howie, Charles F. Miller, III, and Hamish Short.
Finitely presented residually free groups. arXiv:0809.3704, 2008.
[16] Martin R. Bridson, James Howie, Charles F. Miller, III, and Hamish
Short. Subgroups of direct products of limit groups. Ann. of Math. (2),
170(3):1447–1467, 2009.
[17] Martin R. Bridson, James Howie, Charles F. Miller, III, and Hamish Short.
On the finite presentation of subdirect products and the nature of residually
free groups. To appear in Amer. J. Math, arXiv:1205.6175, 2012.
[18] Martin R. Bridson and Charles F. Miller, III. Structure and finiteness
properties of subdirect products of groups. Proc. Lond. Math. Soc. (3),
98(3):631–651, 2009.
30
[19] Kenneth S. Brown. Euler characteristics of discrete groups and G-spaces.
Invent. Math., 27:229–264, 1974.
[20] Kenneth S. Brown. Euler characteristics of groups: the p-fractional part.
Invent. Math., 29(1):1–5, 1975.
[21] Kenneth S. Brown. Cohomology of Groups, volume 87 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1994. Corrected reprint of the
1982 original.
[22] Jon M. Corson and Barry S. Spieler. The qsf property and group actions
via complexes of spaces. Math. Z., 228(3):589–603, 1998.
[23] Jon Michael Corson. Complexes of groups. Proc. London Math. Soc. (3),
65(1):199–224, 1992.
[24] Will Dison. Isoperimetric functions for subdirect products and Bestvina-
Brady groups. PhD thesis, Imperial College London, 2008.
[25] Ralf Gehrke. The higher geometric invariants for groups with sufficient
commutativity. Comm. Algebra, 26(4):1097–1115, 1998.
[26] Ross Geoghegan. Topological Methods in Group Theory, volume 243 of
Graduate Texts in Mathematics. Springer, New York, 2008.
[27] Andre´ Haefliger. Complexes of groups and orbihedra. In Group theory from
a geometrical viewpoint (Trieste, 1990), pages 504–540. World Sci. Publ.,
River Edge, NJ, 1991.
[28] Dessislava H. Kochloukova. On subdirect products of type FPm of limit
groups. J. Group Theory, 13(1):1–19, 2010.
[29] Ian James Leary and Mu¨ge Saadetog˘lu. Some groups of finite homological
type. Geom. Dedicata, 119:113–120, 2006.
[30] Holger Meinert. U¨ber die ho¨heren geometrischen Invarianten fu¨r endliche
Produkte von Gruppen. Diploma thesis, Johann Wolfgang Goethe-
Universita¨t, Frankfurt am Main, 1990.
[31] K. A. Miha˘ılova. The occurrence problem for direct products of groups.
Mat. Sb. (N.S.), 70 (112):241–251, 1966.
[32] Charles F. Miller, III. Decision problems for groups—survey and reflections.
In Algorithms and classification in combinatorial group theory (Berkeley,
CA, 1989), volume 23 of Math. Sci. Res. Inst. Publ., pages 1–59. Springer,
New York, 1992.
[33] Burkhardt Renz. Geometrische Invarianten und Endlichkeitseigenschaften
von Gruppen. PhD thesis, Johann Wolfgang Goethe-Universita¨t, Frankfurt
am Main, 1988.
31
[34] Burkhardt Renz. Geometric invariants and HNN-extensions. In Group
Theory (Singapore, 1987), pages 465–484. de Gruyter, Berlin, 1989.
[35] John Stallings. A finitely presented group whose 3-dimensional integral
homology is not finitely generated. Amer. J. Math., 85:541–543, 1963.
[36] C. W. Stark. Approximate finiteness properties of infinite groups. Topology,
37(5):1073–1088, 1998.
[37] George W. Whitehead. Elements of Homotopy Theory, volume 61 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, 1978.
[38] J. H. C. Whitehead. On adding relations to homotopy groups. Ann. of
Math. (2), 42:409–428, 1941.
[39] J. H. C. Whitehead. Combinatorial homotopy. II. Bull. Amer. Math. Soc.,
55:453–496, 1949.
32
